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Abstract—The Patankar/Spalding finite difference solution procedure has been modified to account for

the transport of radiant energy in a turbulent optically thin boundary layer. The resulting procedure has

been applied to high speed external flows. Results show that radiation losses at a Mach number of 25 and

sea-level conditions do not significantly alter temperature profiles or heating rates while at Mach 40,
radiation cooling reduces heating rates by approximately 20 per cent.

NOMENCLATURE
B, radiosity;

Cp, specific heat, constant pressure ;
H, stagnation enthalpy;

Pr, Prandtlnumber;

g, Theatflux;

T, temperature (Rankine);

u, velocity, x-direction;

v,  velocity, y-direction;

x, length, parallel to body surface;
vy,  length,normal to body surface;

k, Planck mean absorption coefficient
Uess, effective viscosity ;
p, density;

po. standard density;

o, Stefan-Boltzmann radiation constant ;

¢. dependent variable in finite difference
equations;

&, generation term for ¢ ;

Y, stream function;

w. dimensionless cross-stream variable.

Subscripts
C, convective term;
d, viscousdissipation term;
D, downstream point in the finite difference

grid;
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radiation term;

, upstream point in the finite difference
grid;

body surface condition ;

free-stream condition ;

wavelength.
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INTRODUCTION

THE FINITE difference solution technique re-
ported by Patankar and Spalding [1] is applied
successfully to the problem of a turbulent
radiating boundary layer. The Patankar—Spald-
ing technique is adapted to this type of flow by
specifying the radiative flux term in the energy
equation as part of the source term, identified as
&,in [1].

This note considers the flow in air past a
flat plate at zero angle of attack. The boundary
layer is assumed to be optically thin and in
thermodynamic equilibrium the air is gray with
respect to thermal radiation.

ANALYSIS
For the sake of brevity, consider only the
governing equations for the boundary layer
on the flat plate.
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Continuity
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With the introduction of the two-dimensional
stream function i, defined as
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the continuity equation (1)is satisfied. Following
the Patankar-Spalding development [1], a

dimensionless cross-stream variable, w, is
defined as
V- Yw
W= — (6)
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and equations (2) and (3) can then be transformed
into the common form
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in the energy equation. In equation (8),
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and

Pp = — div gp. (10)
The inclusion of the radiation generation (or
source) term, @pg, is the only alteration of the
compressible boundary layer equations pre-
sented in [1]. Since the viscous dissipation term
is successfully treated by Patankar and Spalding,
the discussion here is confined to @, which is
not included in their work.

In developing the expression for the radiation
source term, —div gg, the following assumptions
are made

1. A one-dimensional radiation regime exists ;

2. The boundary layer is optically thin;

3. The boundary layer is gray with respect
to thermal radiation ;

4. The energy emitted at the wall and by the
freestream is emitted as black body radia-
tion at the respective temperatures of each
location.

The governing equation for an optically thin,
one-dimensional medium (with no further re-
strictions) is given by Sparrow and Cess [2]:

d

dy
This equation is developed in [2] for a one-
dimensional medium with bounding surfaces
1 and 2. However, as is pointed out by Sparrow
and Cess, the boundary layer is only a portion
of the entire flow field ; an adjacent region exists
that is not optically thin but within which the
temperature gradients are small. In this analysis,
the thermal interaction between the boundary
layer and the freestream is neglected and the
boundary layer edge is assumed a bounding
surface at a temperature, 7,

Since the boundary layer has also been
assumed to be gray, the absorption coefficient
is of course then independent of wavelength.
Equation (11) then becomes, writing k , = k

qR;, = 2Ki[BIJ, + BZ;, - 2eb;.(y)]' (11)

d
- @qh = 2x[B,, + B,, —2¢,, ()] (12)
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Integrating over all wavelengths, equation (12) must be evaluated. For the energy equation, it

becomes

0 0
2e,,(]dA (1)

Since the wall and freestream are assumed to
be black, bounding surfaces at their respective
temperatures,

x [By, + B,, —

Bl;, = ebu = ebw and le = eb“ = e,,o,w

using standard boundary layer nomenclature.
Carrying out the integration of equation (13).

2e,, (y)]1d4

= 2«[e,,, + e, — 26, (y)] =2«
[6T, 2 + oT,* — 26Ty)]

—divgg = 2k [epy, + €., —
0

(14)
The Planck mean absorption is defined [2]
as,

o Kaey, dA

kT) = (15)

€p

but under the gray assumption, x is independent
of wavelength ; hence,

KTG,,A(M [

=k— =«(T)
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kT = (16)

and equation (14) may now be written
—div g = 20k (T)[Ty* + T,* — 2T*y)].
(17)

Equation (17) may be understood physically in
that the first two terms represent local absorp-
tion in an elemental volume owing to energy
that originated at the bounding surfaces; the
last term represents local emission by the ele-
ment. To employ equation (17) in the Patankar—
Spalding technique, the quantity
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Assuming that the density of air varies inversely
with temperature and using the absorption
coefficient suggested by Traugott [3], that is
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Therefore, in equation (18), all values evaluated
at U, in the finite difference procedure, are
known either from the initial profile specification
or from the previous iteration. Thus, ¢p is
evaluated as the unknown.

To solve the radiating problem, equations
(18)and (23) are included in the general difference
equation of the Patankar—Spalding method.
Hypersonic flows at Mach 25 and 40, with and
without thermal radiation effects, are analyzed.
The initial velocity and enthalpy profiles are
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specified as linear with respect to cross-stream % '°[
distance, although after a very few iterative
steps, the solutions are nearly insensitive to on k-
the form of the initial profiles.

Another departure from the Patankar-
Spalding procedure involves the calculation of
the heat transferred from the fluid to the wall by
conduction. Instead of using wallflux relation- oa -
ships developed by Patankar and Spalding, the
actual temperature gradient is calculated at the

Mach No =25

o6 -

No radiation

-—== Optically thin

wall, and the heat flux is thus determined. o T
The radiative heat flux at the wall is calculated
by integrating equation (17)as follows 0 ‘ r s — |
0 50 10 15 20 25
F.] 7
4R Toal = IZUKP(T)[TW4 + TOC4 - 2T4(y)]dy F1G. 1. Temperature profiles. X = 0-023 1'1.7'
0
24y , 1o

to give the total radiant energy emitted from the Mach No =40

boundary layer. Assuming the plate surface T. =T, =537°R

to be black, the radiative heat transfer at the wall 08 £r=07
is given by
4
drwan = %qR Total — UTW : (25) 06 F No radiation

----- Optically thin

RESULTS 04 |-

Preliminary results are compared on a quali-
tative basis with solutions in the literature.
Figure 1 contains dimensionless temperature o2 |
profiles for a flat plate in air at M = 25.
Clearly, the presence of optically thin radiation
does not appreciably alter the dimensionless 0 .
temperature profiles. 7,
Figure 2 shows that the presence of radiation *
does in fact alter the temperature distribution

FI1G. 2. Temperature profiles. X = 0:023 ft.

Table 1. Comparison of convective heating rates for radiating and nonradiating cases; X = 0-023 ft

Per cent decrease Per cent decrease

resulting from resulting from
M, qE wan qR wan q Total wall radiative cooling  radiative cooling Conditions
(convection) (total)
25 3412 x 10° 00 3412 x 103 No radiation
3343 x 10 417 3347 x 103 2:02 190 Optically thin
40 8259 x 103 00 8259 x 103 No radiation
6205 x 10° 2505 6455 x 103 2487 20-84 Optically thin

* Heat flux units: Btu/ft2-s.
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in the boundary layer for a free-stream Mach
number of 40. Radiation cooling decreases the
convective heat transfer to the wall by 2487
per cent and the total heat transfer by 21-84
per cent from the nonradiating case, as shown
in Table 1.

These results tend to conflict with the laminar
analysis of Koh and De Silva [4], who found
that radiation had no effect on the convection
at the wall for M = 40. This discrepancy is
casily resolved when the differences in turbulent
and laminar viscous forces are considered. The
shearing forces in turbulent layers are approxi-
mately proportional to the square of the mean
velocity while in laminar flow, a first power
relationship exists [5]. Therefore, viscous heat-
ing in the turbulent case is much greater than
in the laminar cases. Consequently, theic is a
greater energy loss caused by radiation emitted
at a higher temperature from air within the
turbulent boundary layer than in the laminar
layer for the same free-stream conditions. The
effect on the net heat transfer, that is, radiation
and convection, is seen to be comparable to
convection alone since the total radiative heat
flux at the wall is small compared to the convec-
tion,

CONCLUSION

The purpose of this communication is to

extend the usefulness of a state-of-the-art con-
tribution—the Patankar-Spalding finite differ-
ence technique—to a different problem area.
The ease with which this method can be extended
to optically thin radiating flows is clearly
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demonstrated. Its obvious versatility and rapid
solution times* have prompted the authors
to attempt to incorporate the full integral
radiation terms in the energy equation, including
the non-gray and temperature dependent
absorption coefficients. The inherent speed of
this numerical solution may eliminate the
necessity for long computer runs when integral
terms are included, thus eliminating a major
drawback to exact numerical solutions of the
radiating boundary layer.
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APPLICATION DE LA PROCEDURE AUX DIFFERENCES FINIES DE
PATANKAR-SPALDING A L'ECOULEMENT TURBULENT A COUCHE LIMITE
RAYONNANTE

Résumé—La procédure aux différences finies de Patankar—Spalding a été modifiée pour tenir compte du
transport d’énergie rayonnante dans une couche limite turbulente optiquement mince. La procédure
résultante a été appliquée aux écoulements externes 4 grande vitesse. Les résultats montrent que les pertes
par rayonnement 3 un nombre de Mach égal 4 25 dans les conditions standart au niveau de la mer ne
modifient pas de fagon significative les profils de température et les flux thermiques tandis qu’a un nombre
de Mach égal 2 40, le refroidissement par rayonnement réduit les flux thermiques d’a peu prés 20 pour cent.



672

J. MO ELLIOTT, R. I, VACHON. D. F. DYER and J. R. DUNN

ANWENDUNG DES DIFFERENZENVERFAHRENS NACH PATANKAR/SPALDING
AUF EINE TURBULENTE GRENZSCHICHTSTROMUNG MIT STRAHLUNGSEINFLUSS

Zusammenfassung— Das Differenzenverfahren nach Patankar-Spalding wurde so modifiziert. dass der

Fall des Energietransports durch Strahlung in einer turbulenten, optisch diinnen Grenzschicht mit beriick-

sichtigt wird. Das resultierende Verfahren wurde aut Aussenstrdmungen bei hohen Geschwindigkeiten

angewandt. Die Ergebnisse zeigen. dass die Strahlungsverluste bei einer Mach Zahl von 25 und

Meereshohenbedingungen die Temperaturprofile oder die Wirmestrdme nicht wesentlich veriindern.

withrend bei einer Mach-Zahl von 40 letztere durch Strahlungskiihlung um ungefihr 20 Prozent reduziert
werden.

HNPUMEHEHWUE MiETO 1A KOHEYHDLIX PASBHOCTEN ITATAHRAPA-CITOJUHEA
K TVPBV.IEH-ruony [TOTPAHHYHOMY CHOIO C N3JIVUEHNEM

AHHOTAIRUA—Mero wonednnx  pasnocreil  Hatadrapa-Cloaquura vouduouposan s
VHETA HEPENoca JYUHCTOIl nHepritl B TYPOVIeHTHOM ONTIYECKY TOHKOM HOTPAHMYION CJloe,
DToT MOAMPUIUPOBANHBLE METO;{ HPHMEHSAETCH I pacyeTa BHICOKOCKOPOCTHBIX BHELIHHX
110TOKOB, PesyiabTarsl HOKAZBIBAT, 4YTO HOTePH 3a cHeT IENIVUenHs 1pu vucie Maxa,
paBuoM 25, i1 JaBAeHUAX, COOTBETCTBYIOUIHNX [aBIEHNIO 1A YPOBHE MOpd, He H3MEHAT
BHAYNTEIBHO TeMrepaTyplble 1poPUIN NIH CKROPOCTH HArpeBa, Torga wak upu M = 40
AVHICTOE OXJAHGICHITE VMEHBITART CROPOCTH HarpeBa npuiansutenasino va 209,



