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Abstract-The Patankar/Spalding finite difference solution procedure has been modified to account for 
the transport of radiant energy in a turbulent optically thin boundary layer. The resulting procedure has 
been applied to high speed external flows. Results show that radiation losses at a Mach number of 25 and 
sea-level conditions do not significantly alter temperature profiles or heating rates while at Mach 40, 

radiation cooling reduces heating rates by approximately 20 per cent. 
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NOMENCLATURE 

radiosity ; 
specific heat, constant pressure ; 
stagnation enthalpy; 
Prandtl number ; 
heat flux ; 
temperature (Rankine) ; 
velocity, xdirection ; 
velocity, ydirection ; 
length, parallel to body surface ; 
length, normal to body surface ; 
Planck mean absorption coefficient ; 
effective viscosity ; 
density ; 
standard density ; 
Stefan-Boltzmann radiation constant ; 
dependent variable in finite difference 
equations ; 
generation term for C#J ; 
stream function ; 
dimensionless cross-stream variable. 

Subscripts 
C, convective term ; 

d, viscous dissipation term ; 

D, downstream point in the finite difference 
grid ; 

R, radiation term ; 

u, upstream point in the finite difference 
grid ; 

b( body surface condition ; 
co, free-stream condition ; 

A, wavelength. 

INTRODUCTION 

THE FINITE difference solution technique re- 
ported by Patankar and Spalding [1] is applied 
successfully to the problem of a turbulent 
radiating boundary layer. The Patankar-Spald- 
ing technique is adapted to this type of flow by 
specifying the radiative flux term in the energy 
equation as part of the source term, identified as 
@, in [l]. 

This note considers the flow in air past a 
flat plate at zero angle of attack. The boundary 
layer is assumed to be optically thin and in 
thermodynamic equilibrium; the air is gray with 
respect to thermal radiation. 

ANALYSIS 

For the sake of brevity, consider only the 
governing equations for the boundary layer 
on the flat plate. 
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Continuity and 

Momentum 
au a~ a au 

PU x -t- PV ay = 7j5 

( 1 
Peff ay (21 

Energy 

aH a~ a 
Pu~+Pv~=ciJ? 

- div &. (3) 

With the introduction of the two-dimensiona 
stream function *, defined as 

w 
ay = PU 

the continuity equation (1) is satisfied. Following 
the Patankar-Spalding development [ 11, a 
dimensionless cross-stream variable, (11, is 
defined as 

(6) 

and equations (2) and (3) can then be transformed 
into the common form 

where 4 = u or H and 

- div & = Qd + GR (8) 

in the energy equation. In equation (g), 

@ R= - divq,. (10) 

The inclusion of the radiation generation (or 
source) term, @R, is the only alteration of the 
compressible boundary layer equations pre- 
sented in [l]. Since the viscous dissipation term 
is successfully treated by Patankar and Spalding, 
the discussion here is confined to @R, which is 
not included in their work. 

In developing the expression for the radiation 
source term, - div &, the following assumptions 
are made : 

A one-dimensional radiation regime exists ; 
The boundary layer is optically thin ; 
The boundary layer is gray with respect 
to thermal radiation ; 
The energy emitted at the wall and by the 
freestream is emitted as black body radia- 
tion at the respective temperatures of each 
location. 

The governing equation for an optically thin, 
one-dimensional medium (with no further re- 
strictions) is given by Sparrow and Cess [2] : 

d 
- - qRr = 2Ki [B,, + B,, - 2%,(Y)]. (11) 

dy 

This equation is developed in [2] for a one- 
dimensional medium with bounding surfaces 
1 and 2. However, as is pointed out by Sparrow 
and Cess, the boundary layer is only a portion 
of the entire flow field; an adjacent region exists 
that is not optically thin but within which the 
temperature gradients are small. In this analysis, 
the thermal interaction between the boundary 
layer and the freestream is neglected and the 
boundary layer edge is assumed a bounding 
surface at a temperature, T,. 

Since the boundary layer has also been 
assumed to be gray, the absorption coefficient 
is of course then independent of wavelength. 
Equation (11) then becomes, writing K 1 = K 

- ‘qRA = 24-B,, + B,, 
dy - 2eb, (v)l. (12) 
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Integrating over all wavelengths, equation (12) 
becomes 

cc 

-div& = - 
ad 

s 
-qq,Adl=21c 
dY s 

0 0 

x [El, + 4, - 2ebl (Y)] dA. ( 3) 

Since the wall and freestream are assumed to 
be black, bounding surfaces at their respective 
temperatures, 

BI, = eblA = ebwA and 4, = ebll = ebrn*, 

using standard boundary layer nomenclature. 
Carrying out the integration of equation (13). 

- div I& = 2KT [emn. + ebml - 2eb, (y)]dil 
0 

= k[eb, + eb, - 2eb (y)] =’ 2ic 

[aT,4 + oTm4 - 2aT4(y)]. (14) 

The Planck mean absorption 
as, 

3 
K,(T) = 

o KlebA d2 

eb 

but under the gray assumption, K 

of wavelength ; hence, 
is independent 

Krt$,,dA eb 
K,(T) = _!?-.L = 

eb % = K(T) 
(16) 

is defined [2] 

(15) 

and equation (14) may now be written 

- div & = 21x,(T) [Tw4 + Tm4 - 2T4(y)]. 

(17) 

Equation (17) may be understood physically in 
that the first two terms represent local absorp- 
tion in an elemental volume owing to energy 
that originated at the bounding surfaces ; the 
last term represents local emission by the ele- 
ment. To employ equation (17) in the Patankar- 
Spalding technique, the quantity 

must be evaluated. 
follows that 

For the energy equation, it 

X 59Tw4 + Tm4 (19) 
u 

or 

$($)I,=$(Tw4+ Tm4-2T4) 

x a lip(T) 

[ 1 aT ~6'7 
-J&+873] . 

Ii 
(20) 

cl 

Assuming that the density of air varies inversely 
with temperature and using the absorption 
coefficient suggested by Traugott [3], that is 

k-,(T) = 115Op L ‘FT-l 
0 PO lo4 

(21) 

then 

$a] = !E$y4y (22) 

and 

(23) 

Therefore, in equation (18), all values evaluated 
at U, in the finite difference procedure, are 
known either from the initial profile specification 
or from the previous iteration. Thus, &, is 
evaluated as the unknown. 

To solve the radiating problem, equations 
(18) and (23) are included in the general difference 
equation of the Patankar-Spalding method. 
Hypersonic flows at Mach 25 and 40, with and 
without thermal radiation effects, are analyzed. 
The initial velocity and enthalpy profiles are 
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specified as linear with respect to cross-stream Vi lo r 
distance, although after a very few iterative Mach VI, ,’ c, 
steps, the solutions are nearly insensitive to 08 - -, r. .?II”R 
the form of the initial profiles. Pi 0 i 

Another departure from the Patankar- 
Spalding procedure involves the calculation of ’ 6 _ 

the heat transferred from the fluid to the wall by 
conduction. Instead of using wall-flux relation- 04 - 
ships developed by Patankar and Spalding, the _ No 

actual temperature gradient is calculated at the 
wall, and the heat flux is thus determined. 02 - 

The radiative heat flux at the wall is calculated 
by integrating equation (17) as follows 0 ,I I I 

n 50 i 0 IS 2” ‘5 

qR Tonal = j;9,(T)[7’W4 + T,” - 2 T4Wldy 
0 

FIG. 1. Temperature profiles, X = 0.023 It. 

to give the total radiant energy emitted from the 
boundary layer. Assuming the plate surface 
to be black, the radiative heat transfer at the wall 
is given by 

Mach No =40 

5 = T, ~537~~ 

Pr=O 7 

qRWall = %RTotal - 6V4. - NO radtatlorl 

RESULTS 

Preliminary results are compared on a quali- 
tative basis with solutions in the literature. 
Figure 1 contains dimensionless temperature 
profiles for a flat plate in air at M, = 25. 
Clearly, the presence of optically thin radiation 
does not appreciably alter the dimensionless 
temperature profiles. 

Figure 2 shows that the presence of radiation 
does in fact alter the temperature distribution 
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FIG. 2. Temperature profiles. X = 0,023 ft. 

Table 1. Comparison of convective heating ratesfor radiating and nonradiating cases ; x = 0023 ft 
_~.~___~_. ~~ ..___~ 

Per cent decrease Per cent decrease 
resulting from resulting from 

M, 4: Wall qR Wall 4 rotai wa~~ radiative cooling radiative cooling Conditions 
(convection) (total) 

25 3.412 x lo3 00 3,412 x lo3 No radiation 
3.343 x lo3 4.17 3.347 x 10s 2.02 1.90 Optically thin 

40 8.259 x lo3 0.0 8.259 x lo3 No radiation 
6.205 x 10s 250.5 6455 x 10” 2487 2P.84 Optically thin 

* Heat flux units : But/f?-s. 
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in the boundary layer for a free-stream Mach 
number of 40. Radiation cooling decreases the 
convective heat transfer to the wall by 2487 
per cent and the total heat transfer by 21.84 
per cent from the nonradiating case, as shown 
in Table 1. 

These results tend to conflict with the laminar 
analysis of Koh and De Silva [4], who found 
that radiation had no effect on the convection 
at the wall for M, = 40. This discrepancy is 
easily resolved when the differences in turbulent 
and laminar viscous forces are considered. The 
shearing forces in turbulent layers are approxi- 
mately proportional to the square of the mean 
velocity while in laminar flow, a first power 
relationship exists [5]. Therefore, viscous heat- 
ing in the turbulent case is much greater than 
in the laminar cases. Consequently, there is a 
greater energy loss caused by radiation emitted 
at a higher temperature from air within the 
turbulent boundary layer than in the laminar 
layer for the same free-stream conditions. The 
effect on the net heat transfer, that is, radiation 
and convection, is seen to be comparable to 
convection alone since the total radiative heat 
flux at the wall is small compared to the convec- 
tion 

CONCLUSION 

The purpose of this communication is to. 
extend the usefulness of a state-of-the-art con- 
tribution-the Patankar-Spalding finite differ- 

demonstrated. Its obvious versatility and rapid 
solution times* have prompted the authors 
to attempt to incorporate the full integral 
radiation terms in the energy equation, including 
the non-gray and temperature dependent 
absorption coefficients. The inherent speed of 
this numerical solution may eliminate the 
necessity for long computer runs when integral 
terms are included, thus eliminating a major 
drawback to exact numerical solutions of the 
radiating boundary layer. 
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ence technique-to a different problem area. 
The ease with which this method can be extended 

* Computer times, with the radiation terms included, 
using only Source Modules, average approximately 5 min 

to optically thin radiating flows is clearly on theist System 360. 

APPLICATION DE LA PROCEDURE AUX DIFFERENCES 
PATANKAR-SPALDING A L’ECOULEMENT TURBULENT A 

RAYONNANTE 

FINIES DE 
COUCHE LIMITE 

R&me-La procedure aux differences fmies de Patankar-Spalding a et& modifiee pour tenir compte du 
transport d’energie rayonnante dans une couche limite turbulente optiquement mince. La procedure 
resultante a et& appliquee aux Ccoulements externes a grande vitesse. Les r&hats montrent que les pertes 
par rayonnement 21 un nombre de Mach Cgal a 25 dans les conditions standart au niveau de la mer ne 
modifient pas de facon significative les protils de temperature et les flux thermiques tandis qu’a un nombre 
de Mach &gala 40, le refroidissement par rayonnement reduit les flux thermiques d’a peu prts 20 pour cent. 
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ANWENDUNG DES DIF:I-ERENZENVERFAHRENS NACH PATANKAR,SPALDING 
AlJF EINE TURBIILENTE GRENZSCHICHTSTR8MUNCi MIT STRAHLIJNGSEINI’LI’SS 

Zusammenfassung Das Diffcrenzenvcrfahren nach Patankar Spaldmp wurde ‘10 modlfiriert. da\% der 
Fall dcs Energietransports durch Strahlung in einer turbulenten, optisch diinnen Grenzschicht nut beriick- 
sichtigt wird. Das resultierende Verfahren wurde auf Aussenstriimungen bei hohen Geschwlndigkelten 
angewandt. Die Ergebni\cc Leigen. dass die Strahlungsverluste bei einer Mach Zahl van 25 und 
Meereqhtihenbedingungen die Temperaturprofile oder die Wirmestrdme nicht wesenthch verlndern. 
wihrend bei einer Mach-&h1 von 40 lctltere durch Strahlungskiihlung urn ungefihl- 20 ProLent reduriert 


